We study the effects of the coupling between magnetization dynamics and the electronic degrees of freedom in a heterostructure of a metallic nanomagnet with dynamic magnetization coupled with a superconductor containing a steady spin-splitting field. We predict how this system exhibits a non-linear spin torque, which can be driven either with a temperature difference or a voltage across the interface. We generalize this notion to arbitrary magnetization precession by deriving a Keldysh action for the interface, describing the coupled charge, heat and spin transport in the presence of a precessing magnetization. We characterize the effect of superconductivity on the precession damping and the anti-damping torques. We also predict the full non-linear characteristic of the Onsager counterparts of the torque, showing up via pumped charge and heat currents. For the latter, we predict a spin-pumping cooling effect, where the magnetization dynamics can cool either the nanomagnet or the superconductor.
The intriguing possibility to control magnetization dynamics by spin torque suggested over two decades ago [1] and its reciprocal counterpart [2, 3] of spin pumping [4] have been widely studied in magnetic systems. In such systems charge and (non-collinear) spin transport are closely linked and need to be treated on the same footing. Recently there has also been increased interest to couple superconductors to magnets and find out how superconductivity affects the magnetization dynamics, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] including thermally driven effects [16] . On the other hand, recent work has shown that a combination of magnetic and superconducting systems results to giant thermoelectric effects [17] [18] [19] [20] coupling charge and heat currents. These works [18] also imply the coupling spin and heat. However, a general description of its implications on the magnetization dynamics and behavior in the non-linear regime of particular relevance to superconductors is lacking.
In this work, we fill this gap by constructing a theory with a combined description of the spin torques, magnetization damping, pumped charge and heat current. We consider a metallic nanomagnet F with a magnetization precessing at a rate Ω at a slowly varying angle θ to the precession axis (see Fig. 1 ). The magnet is tunnel coupled to a superconducting electrode S that may also contain a constant spin-splitting (exchange or Zeeman) field. Main features of the problem can be understood in a tunneling model, shown schematically in Fig. 1(b) . The spin splitting h in S shifts the spectrum, whereas nonzero Ω generates effective spin-dependent chemical potential shifts, [21] providing a driving force for pumping currents across the interface. The interplay of the two enables coupling between the S/F junction evaporative hot-electron cooling [22] , its linear-response thermoelectric effect [17] [18] [19] , and magnetization dynamics. As a consequence, a temperature difference between the two systems leads to The direction m of magnetization in F precesses at a rate Ω at an angle θ around the axis (ẑ) of its effective field. Electron tunneling and intrinsic damping produces torque τ on m. The superconductor has an internal spin splitting exchange field h, from external magnetic field or a nearby ferromagnetic insulator (FI). We consider also electric and thermal biasing. (b) "Semiconductor picture" for pumping, in the rotating frame (for h ẑ). Increasing the Berry phase from Ω = 0 shifts the spectrum and the chemical potential (dotted).
a thermal spin torque affecting the magnetization dynamics, which in a suitable parameter regime yields antidamping sufficient to obtain flipping or stable precession of the nanomagnet. As the Onsager counterpart, there is a Peltier-type cooling or heating effect, driven by the magnetization dynamics. In the non-linear response, also a charge current results from the magnetization dynamics, as already shown in [23] . We generalize those results to the case of a spin-split superconductor, and, in addition to the thermomagnetic effects, find the Keldysh action [Eq. (11) ] describing its stochastic properties. The action allows identifying thermodynamical constraints, a spintronic fluctuation theorem, in addition to describing the probability distribution of the magnetization and the spectrum of its oscillations. Tunneling currents. Within a tunneling Hamiltonian description [24] for a spin and momentum independent matrix element, the k-spin component of the spin current from S reads:
where the superscript K refers to the Keldysh component. The charge and energy currents can be obtained by replacing σ k /2 →τ 3 and σ k /2 → in Eq. (1), respectively. Here, σ j andτ j are Pauli matrices in the spin and Nambu spaces, with the basis (ψ ↑ , ψ ↓ , −ψ † ↓ , ψ † ↑ ), and X + ( , t) = dt e i (t−t ) X(t, t ),
kǦ F/S ( , k) are momentum-summed Keldysh Green's functions, normalized by the total density of states (DOS) ν F/S at Fermi level, of the ferromagnet and the spin-split superconductor. The rotation matrix
contains the Euler angles of the time-dependent magnetization direction vector (m · σ = Rσ z R † ), a Berry phase factor, and voltage bias V . Below, we characterize the magnitude M s of the magnetization via the effective macrospin S = VM s /γ of the ferromagnetic island with volume V and gyromagnetic ratio γ. The Berry phase appears from the Green function [25] [26] [27] of the conduction electrons in F following adiabatically the changing magnetization. For a metallic ferromagnet,ĝ
, where ν F,↑/↓ := ν F,± are the densities of states of majority/minority spins at the Fermi level and f 0 ( ) = (1 + e /T ) −1 is the Fermi distribution function. Such assumption of local equilibrium implies that the rates of tunneling and other nonequilibrium-generating processes on the magnetic island should be small compared to electron relaxation. Consequences of deviating from this were considered in Refs. [28] [29] [30] .
Consider precession around the z-axis, φ(t) = Ωt. From Eq. (1) we find the time-averaged currents and [1, 21] the zcomponent of the time-averaged spin transfer torque:
Here, [26, 31, 32] . Of these, Eq. (2) was previously discussed in Ref. [23] , for spin-independent superconductor DOS. Neglecting energy dependence in F and with a basic model for spinsplit S, N F,s = 1 + sP and N S,s = ± 1±sĥ·ẑ 2
is the polarization and N 0 ( ) the Bardeen-Cooper-Schrieffer density of states [33] .
Linear response. Expanding for small voltage bias V , temperature difference ∆T = T S −T F , and the precession speed Ω, the time-averaged currents are described by a linear-response matrix:
where G and G th are the linear-response electrical and thermal conductances. An intrinsic Gilbert damping constant A 0 [21] can be phenomenologically included in τ z via [17, 18] It is nonzero only when S is both superconducting and has a spin splitting h = 0. The response matrix L in Eq. (5) has the Onsager symmetry L ij = L tr ji , where tr refers to time-reversal, α tr = −α, P tr = −P . The coefficient for charge pumping is here zero, unlike in the ferromagnet-ferromagnet case [31] . This also suppresses linear-response thermoelectric contributions [25] from electrical pumping due to magnetization fluctuations. However, spin splitting of the superconductor enables the precession to pump energy current at linear response, and as its Onsager counterpart, there is nonzero thermal spin torque. This torque arises via the mechanism of [18] , in contrast to magnon spin-Seebeck effects [3, 16, 25] or the in our case small normal-state Mott thermopower [3, 29, 34] , which are not included above.
Symmetries. The above discussion concerns the average currents. Let us now remark on the joint probability of changes δn s and δE S in the electron number and energy of S, and δm z in the magnetization of F, during a time interval of length t 0 . The distribution satisfies a fluctuation relation [32, 35] :
where P tr corresponds to reversed polarizations and precession (N S/F,s → N S/F,−s , Ω → −Ω). The Onsager symmetry of L ij in Eq. (5) is a consequence of this relation [36] . The energy transfer δE S into the ferromagnet (generally, δE F = δE S ) is determined by energy conservation δE F + δE S = V δn + ΩSδm z . These results arise from the symmetries of Eqs. (10, 11) below. Non-linear response. Beyond linear response (5), we find the second-order contributions to the current and torque: The pumped charge current is shown in Fig. 2(a) , and the energy current into S in Fig. 2(b) . The charge pumping is nonzero at |Ω| ∆ ± h, and could be detectable in an open-circuit configuration [23] via an induced voltage between F and S. The heat current shows the presence of a region of cooling of either of the two leads, depending on the relative orientation of h and Ωẑ. Nonzero h enables the N/S cooling effect to be present already at linear response, similarly as with voltage bias [19] .
Magnetization dynamics.
The Landau-LifshitzGilbert-Slonczewski equation for the tilt angle is where the spin transfer torque τ z is given by Eq. (4), and η is a Langevin term describing its noise, [26, 32, 37, 38] with the correlation function η(t)η(t ) = 2[D(θ) + SA 0 T ] sin 2 (θ)δ(t − t ); see below.
In linear response, based on Eq. (5), for temperature differences satisfying sgn(α)∆T < ∆T c = [1 + e 2 SA 0 /( G)]P Ω/(2e|S|), the spin torque drives θ → 0, damping the precession. Here, S = −P α/(GT ) is the junction thermopower, which can be |S| k B /e [18] . The critical temperature difference is shown in Figs. 3(c) and (d). Above it, the antidamping from the thermal spin torque drives the system away from θ * = 0 (or θ * = π for Ω < 0) to a different stable configuration with τ z (θ * ) = 0. The effect is similar for the spin transfer torque induced by a voltage bias [1] .
The stable tilt angle is shown in Fig. 3(a) for the voltage-induced torque. For h = −hẑ and Ω ∈ [0, 2h], the torque is antidamping and a large enough voltage can destabilize the θ = 0 configuration, depending on the intrinsic damping. An example of the signs of the torque and the resulting stable configuration is shown in Fig. 3(b) : The stable angle is θ * = 0 at small voltages, after which there is a voltage range for which 0 < θ * < π.
There, the system realizes a voltage-driven spin oscillator [39, 40] . At large voltages the stable angle is θ * = π, corresponding to a torque-driven magnetization flip.
The thermal torque is shown in Fig. 3(c) . Due to the nonzero linear-response coupling, it is antisymmetric in small ∆T , in contrast to the voltage-driven torque. Consequently, antidamping regions occur for both signs of Ω. The stable precession angle is shown in Fig. 3(d) : there is a range of ∆T c in which θ * = 0, π and the system exhibits thermally driven [29] spin oscillations.
In contrast to pumping, for the spin oscillators the intrinsic Gilbert damping is crucial, and will in general increase the required ∆T , V , and restrict the range of Ω in which antidamping occurs. Reaching the spin oscillator regimes here requires for the resistance-area product RA of the S/F junction that RA/(RA)
µ0Msd F A0 and d F is the ferromagnet thickness. A combination of a low-resistive interface, weak or small ferromagnet, small internal field Ω, and low enough damping A 0 are required. Meeting all requirements in the same system is likely challenging. Values RA 0.1 Ω µm 2 have been achieved in magnetic junctions [39, 41] , which for A 0 = 0.01 [21] is close to the limit.
Unlike the voltage-driven spin transfer torque [ Fig. 3(b) ], the thermally driven spin torque [ Fig. 3(d) ] indicates the possibility of two (meta)stable states with different angles θ of the magnetization precession. Finding the probability to realize either angle requires the description of the fluctuations that induce the transitions between the two magnetization configurations.
Keldysh action. The dynamics of the magnetization beyond average values can be described by an effective action S = S 0 + S T for the spin including the tunneling, derived [26, 32, 38, 42, 43] by retaining the Keldysh structure [44] (below, matricesγ are in Keldysh space) for the orientation of the magnetization mean field,θ = θ c +γ 1 θ q ,φ = φ c +γ 1 φ q . The action S describes the generating function of the joint probability distribution P t0 (δn, δE S , δE F , δm z ) [see Eq. (6)], with a conjugate field χ, ξ S , ξ F , ζ associated with each of the arguments. The free part of the action reads
where (cos θ)
. Concentrating on slow perturbations around the semiclassical (S 1) precession trajectory φ c (t) = Ωt, the tunnelling 
where
q Ω s,s Ω , and
Here, we have neglected terms that renormalize Ω. The counting fields are nonzero between t = 0 and t = t 0 , e.g. χ(t) = χθ(|t 0 |−|t|)θ(t sgn t 0 ). The results (2), (3), (4) can be found as I c = −i∂ χ s T | 0 ,
Expansion around the saddle point gives Eq. (9) where the correlator characterizing the spin torque noise is
θ q s T | 0 , a generalization of the ferromagnet-ferromagnet result [26, 32, 37] .
The probability distribution of the magnetization angle θ can be obtained from Eqs. (10, 11) [27, 32, 37] . It is shown in Fig. 4(a) for the thermally driven oscillator. The figure shows the spin torque-driven transition where the magnetization points in the direction of the magnetic field (cos θ = 1) for high T F to that with magnetization in the opposite direction of the field (cos θ = −1) at low T F . In the intermediate range T F ≈ 0.25-0.3T c , the probability distribution becomes bimodal, reflecting the two locally stable configurations in Fig. 3(d) : one of these corresponds to the oscillating state.
A driven spin oscillator produces electromagnetic emission which can be detected. [39, 40] This can be characterized with the classical correlator of the magnetic dipole, whose spectrum is approximatively a Lorenzian centered at frequency Ω. The linewidth of the spectrum [black line in Fig. 4(b) ] in this nonequilibrium system is a non-trivial function of the system parameters, and can be obtained from the Keldysh action (10, 11) [27, 37] . The radiation spectrum depends on the magnetization distribution shown in Fig. 4(a) with the average magnetization (red line) in Fig. 3(b) . For T F ≈ 0.31T C , the precession at θ * becomes possible, and as a result the linewidth (∝ csc 2 θ) narrows, becoming significantly smaller than the near-equilibrium fluctuations at θ ∼ 0, π.
Discussion. In this work, we explain how the thermomagnetoelectric effect of a spin-split superconductor couples the magnetization in a magnetic tunnel junction to the temperature difference across it. The thermoelectric coefficient in the superconducting state is generally large, and enables a magnetic Peltier effect and thermal spin torque, with prospects for generating thermally driven oscillations detectable via spectroscopy. The superconducting nonlinearity also offers possibilities to characterize and control the thermal physics via both the electric and magnetic responses or external field coupling of the magnetization.
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